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Abstract 

We develop a complete Hartree-Fock mean-field method to study ferromagnetic systems at finite temperatures. With the 

help of the complete Bose transformation, we renormalize all the high-order interactions including both the dynamic and 
the kinetic ones based on an independent Bose representation, and obtain a set of compact self-consistent equations. Using 
our method, the spontaneous magnetization of an Ising model on a square lattice is investigated. The result is quite close 
to the exact one. Finally, we discuss the temperature dependences of the coercivities for magnetic systems and show the 

hysteresis loops at different temperatures. @ I997 Elsevier Science B.V. 

PACS: 75.10.-b; 75.IO.Jm; 05.5O.+q 

1. Introduction 

Spin systems have long ben an interesting and 
challenging subject. Experimentally, many interesting 

effects are strongly related to the magnetic order, such 
as the high-T, superconductivity, the giant magnetore- 
sistance effect, the giant magneto-impedance effect, 
the magnetic-optical recording, etc. Many theoretical 
methods have been developed for magnetic systems. 
The traditional approaches are the Holstein-Primakoff 
(HP) [ I] transformation and the Dyson-Maleev 
(DM) [ 2,3] one, by which one can project the spin 
operators into Bose ones so as to study the low-lying 
Bose-like excitations. Such methods are found to be 

’ E-mail: leizhou@ms.fudan.edu.cn 

successful at very low temperatures and for ferro- 

magnetic systems. At finite temperatures or for anti- 
ferromagnetic systems, high-order interactions should 
be considered to renormalize the effective excitation 

spectrum. Some authors have recently employed a 

Green’s function method (for Bose operators) to 
renormalize the remaining interaction terms left in 
the DM transformation [4]. However, their method 

neglects the kinetic interactions. Since the Hilbert 
space of the spin operator is not the same as that of a 
Bose one, there must be a constraint in the transfor- 

mation to confine the Hilbert space to a finite range 
( In), n < 2s + 1). As a result, the remaining interac- 
tions are not only the dynamic ones, which have been 
included in the traditional transformations, but also 
the additional kinetic ones which are introduced by 
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the constraints. Some authors have even applied a so- 
called well-ordered HP transformation to get the H4 
terms which includes the kinetic interactions [ 51, and 
then considered the renormalization of the thermally 
excited spin waves using a conventional Hartree-Fock 
approximation [ 6-91. However, since the interaction 
terms are actually infinite, when the temperature is not 
very low, interacting terms higher than H4 probably 

become significant. Therefore, these methods cannot 
be applied to a not very low temperature region. 

To systematically treat the kinetic interactions, 

a new approach, the complete Bose transformation 
(CBT), was established with the help of the step 

operator’s technique [ lo]. In the zero-temperature 

case, a schematic approximation method has been de- 
veloped to consider both the dynamic and the kinetic 
interactions perturbatively [ IO], and the method has 
been applied to study the ground state energy of a 
spin-i antiferromagnet on a square lattice [ 1 l] and 
the induced magnetization of an easy-plane spin-l 
ferromagnet [ 121. The ground state energy of the 
system is quite close to the numerical result [ 111. 

In this paper, we would like to extend that method 

to the finite temperature case, and use it to discuss the 

temperature dependence of the coercivity which is in- 

teresting for recording materials. Based on the CBT, 
we renormalize the thermally excited spin waves using 
a Hartree-Fock approximation considering all the re- 
maining interactions included by the local constraints. 
The self-consistent equations for a general anisotropic 
ferromagnet are presented in compact forms. With 
the help of this method, we examine the temperature 
dependence of the spontaneous magnetization for an 
Ising model on a square lattice, and show that it agrees 
well with the exact result. Other systems, including 

the isotropic Heisenberg models, have also been in- 
vestigated, the results show that the temperature re- 
gion of application of the current method is larger for 
the magnetic system with a higher anisotropy. Finally, 
we present the temperature dependence of the coerciv- 
ity for a magnetic system, and compare the hysteresis 
loops at different temperatures. 

This paper is organized as follows. In Section 2, the 
model Hamiltonian and the complete Bose transforma- 
tion will be introduced. Then, the complete Hartree- 
Fock (CHF) approximation is described in Section 3. 
Section 4 is devoted to the discussions of the results, 
while the conclusions are summarized in the last sec- 

tion. 

2. The model and the transformation 

The model we study in this paper is a ferromagnetic 
model with anisotropic interactions. In general, the 
Hamiltonian can be presented as 

H = CH(i.,)(S) 
Ci..i) 

(id 

- Dx(.Sj,* - h-+j+,:. 
i I 

The zero-temperature properties of such systems can 
be obtained very straightforwardly. An HP transforma- 
tion is popularly used to investigate the ground state 
and the low-lying spin wave excitations. At very low 
temperatures, one uses Bose statistics to incorporate 
the thermal effect [ 131. However, if the temperature 
is not so low, this method cannot be applied and the 

renormalization by the thermally excited bosons must 
be taken into account. In the present paper, we will ap- 

ply the CBT instead of the HP transformation to take 

account of the dynamic interactions as well as the ki- 
netic interactions. Following Ref. [ lo], the CBT of 
the spin operator is given as 

(2) 

I=0 

(41 

where 0, is a step operator to confine the Hilbert space 
into the physically permitted part (In), II < 2s + 1). 
Ci, and Dl can be found in Ref. [ lo] or be calculated 
following Ref. [ lo]. Other terms such as (S,Z ) 2 can 
be calculated similarly. 

An exactly equivalent Hamiltonian can be found 
after the complete Bose transformation and a global 
constraint, namely, 
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H' = C OijSiOj Hi,] ( S) Sill Oij 

(id (i,j) 

= c @ijH,,I ( S) @ij 3 (5) 
(i.,l) 

where 

(i.i) 

- h c #‘a’ ( 12) 

(6) 

k#i.j and for the S = 1 system, it is 

Hi,j ( S) = 6,6j H;,j ( S) BiSj. (7) 

However, Hamiltonian H’ is very difficult to handle. 
Fortunately, it was proved in Ref. [lo] that the fol- 

lowing Hamiltonian has the same eigenvalues as the 

original Hamiltonian ( 1) , 

H4 = -J, C n!UjUiaj + $ Jxy x(2 - &) 
(i.i) (i.0 

X [ .tajay +nj*aiQ, + h.c.1 - D C CZ~~CZ?. ( 13) 

fi = c H(f.j) (s> 3 (8) 
( r..;, 

so, in this paper, we will use this Hamiltonian to in- 

corporate some kinetic interactions. After this trans- 
formation, we obtain 

Comparing Eq. (11) with Eqs. (12), (13), one may 
find that the additional contribution is non-trivial even 
for the H4 term. Later we will show that the additional 

interacting terms included by the CBT become signif- 

icant when the temperature increases and considering 
them will highly improve the final result. 

ii = c/o + & + & + (9) 

The harmonic part of Hamiltonian has the following 

form, 3. The complete Hartree-Fock mean field method 

In this section, we will introduce the Hartree-Fock 
approximation. 

+ [(2S- l)D+h] Catai, (10) 
i 

which is the same for all the spin-Bose transforma- 

tions. The interacting terms, even the H4 term, are dif- 
ferent due to the constraints. For example, in the usual 

HP transformation, H4 can be obtained by a usual 
large-S expansion as follows [ 141, 

H4 = -Jz Cn/aJain; + $1 J,y[nyajn’ 
(1.j) C L.i) 

+ n,;2a,a,; + h.c.] - D c a,t’o’ (11) 
I 

In the zero-temperature case, it is reasonable to di- 
agonalize 82 to get the one-boson spin wave excita- 
tions, high-order interactions (both dynamic and ki- 

netic) make no contribution to these eigenstates. In 
the finite temperature case, however, things are differ- 
ent. Even the one-boson excitations would be substan- 

tially modified by the interactions since they depend 
on other excitations present. It is surely impossible to 
take all kinds of renormalization into account since 
the interacting terms are infinite. so we will only con- 
sider the Hartree-Fock like renormalization from all 
the remaining interactions, and sum them in the end. 
The self-consistent equations are obtained in compact 
forms. 

while in the CBT approach, the expression is quite Introduce the ansatz that the renormalized indepen- 

different and is dependent on the spin number. For dent boson representation (RIBR) has the following 

S = + systems, the H4 term is form, 
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BE U;(T) +C[Jf(T)(U~Uf+U,~Uj) 

(iA 

t t 
-J,R,(T)(ujUj+UjUi)] 

+ [DRU) + hR(7->I pa,, (14) 

where J,” (T) , Jt,, (T) , DR (77, hR (T) are the renor- 
malized values of the interaction parameters, which 
will be self-consistently determined later. 

The RIBR can be diagonalized by a Fourier trans- 

formation 

(15) 

where 

E;(T) = 2S2@(7-) - J,R,(T)rkl 

+ DR(T) + hR(T) (16) 

in which Yk = (l/Z) Es exp(ik - r6) and Z is the 

number of nearest neighbors. 
In this representation, only the following two terms 

contribute, 

(17) 

g(T) = (u!u~) = $x(COS(k' [ri-rj)luiuk) 

k 

3 1 
=-- cos[k* (Ti-rj)] (18) 

k 
exp (/3$) - 1’ 

other terms such as (c$Lz/), (u~u~), (uiai) and (aiaj) 
are zero. 

Based on the Hartree-Fock approximation, all the 
high-order terms can be decoupled into harmonic ones. 
According to Eqs. ( 17), ( 18), we get generally 

af’a!+‘atk+’ k 
1’ J 

~j N UjUi(Z + 1) (k + 1) X (U!‘UjUjkU$) 

+ u,!Ujlk X (at’-‘Uf+‘ujk+‘u,k-‘) 

+ &I#+ 1)1 x ($-‘&z;“+‘Lz;) 

+a;q(k+ 1)k x (&J~+‘Lz~~+‘u;-‘), (19) 

ayQ;ku; N &;12 x jaf’-‘pnjku;) 

+ ujuik2 x (a!‘-‘u;-‘a;“~+ 

$ uiajlk X (U/‘-‘UiUj”U;-‘) 

+ njaJk x (a$zj-‘~;~-‘a;) (20) 

Every expectation value can be calculated exactly 
in the RIBR with the help of Wick’s theorem. For 

example, 

(a$z#z~) = [ l!n’] [ k!nk] 

+g*[Il!n’-‘][kk!n’-*] +... 

+ 5 2,~...(l-m+ l>l!n’-“‘1 
( 1 

x [k... (k- mt I)k!nk-“‘1 +. . ., 

($-‘&;k+‘) = g[ /$-‘I [k!nk-‘] 

2 

(21) 

x [(k- l)...(k-m)k!nk-“-‘I +... (22) 

Thus, all the terms in Eq. (9) can be decoupled into the 
harmonic ones following the method described above. 
Fortunately, those terms can be collected, and we fi- 
nally get the analytical forms of the renormalized co- 
efficients. Part of this technique has been presented in 
Refs. [ 10,111, we only give the final results as follows. 

For the S = i case, we have 

1+2x 
Jm=Jr(I+n)5(1-x)4 

4g 
+.‘““(l+n)yl-xy 

1+3x 
G(T) =-J”B(l _X)s(1 +n)4 

(2 + x)g 

+Q+Q(l-X)4’ 

(23) 

(24) 

DR(Z’) = 0, (25) 
2 

hR(7-) = h(l +n)3 , (26) 

while in the case of S = 1, the functions are 
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4( 2 + 4x) 
(1 +n)5(l _x)4 

3(1+6x+3x2) 10 + 34x + 4x2 

+ (1 +n)T(l -X)6 - (1 +n>6(1 -X)5 

-Jxys ( (2+JzH10+2x) 
(1 +n)6(1 -X)4 

2(2 + J2>* 12(1+X) - 
(I +n>S(l -X)3 - (l+n)7(1 -X)5 ’ > 

(27) 

J,R,.(T) = ;Jq ( (2 + Jz>*( 1 + 3x) 

(1 -I-n)J(l -X)3 

2(2 + Jz) (2 + 10x) 4+34x+ 10x* 

(1 + n)5( 1 - x)4 + (1 +n)6(1 -x)5 > 

+JZg 

4(4 +2x) 9+ 18x+3x2 

(1 +n)6(1 -x)4 + (1 +n>s(l -x)5 

24 + 24x _ 
(1 +n)T(l -x)5 

1 + 2n2 
DR(T) =D(l +n)4 5 

1+4n 
hR(T) =h(l+n)4 7 

(28) 

(29) 

where 

x(T) = g 
(1 +n)*’ 

(31) 

Eqs. (23)-( 30) are self-consistent equations. All the 
physical properties such as the ground state energy 

E(T), the spontaneous or induced magnetization 

M(T) and the effective magnon excitation spectrum 
IZ~ including the excitation gap A = min[ek] can be 

calculated as functions of temperature, provided that 
those equations have been solved. In S = .$ case, we 
have the following expressions, 

E(T) = -JzZN 
1+x 

4(1 +n)4(1 -x)~ 

g 
- JXYZN(l +n)4( 1 _ x)2 

-hN 
1 

2(1 +n)2’ 
(32) 

M(T) = 
1 

2(1+n)2’ 

and in the S = 1 case, we have 

(33) 

E(T) 
=-Jzz* 

4(1 t-x) 

(1 +n)d(l -x)3 

1+x2+4x 4 + 8x 

+ (1 -tn)6(1 -X)5 - (I +n)5(1 -x)~ > 

- Jx.yZNg 
(2 + Jz)’ 

(1 + n)4( 1 _ x)2 

4 + 2x 

+ (1 +n)6(1 -x)~ - 

4(2 + ti) 

(1 +n>5(1 -x)~ ) 

1 +2n+2n2 

-DN (l+n)3 - 

1 f2n 
M(T) = (1-t n)3. 
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4. Results and discussions 

1 + 2n 

hN(I fn)3 
(34) 

(35) 

In this section, we shall study some systems using 
the method described in the last section and compare 

our method with other ones. 
The first example is a two-dimensional Ising model 

(IM) on a square lattice. In this case, the model param- 

etersareS= !j,J,, = 0, JZ = J, D = 0, h = 0. With the 

help of the complete Hartree-Fock (CHF) method, 
the spontaneous magnetization M(T) as a function of 

temperature is shown in Fig. 1, where the exact result 
[ 151, the linear spin wave theory (LSWT) result, and 

the usual HP method result are also shown for com- 
parison. We find that in a very wide temperature range 

the CHF result agrees well with the exact result and 
is better than the other two results. From the figure, 
one may find a critical temperature Tc above which 
the CHF method cannot be applied. The critical tem- 

perature is a little lower than the Curie temperature 
(T,) of the Ising model. This is reasonable. When the 
temperature approaches the phase transition point, an 
independent boson representation can never be valid 
and the correlations are important in this case. On the 
contrary, in the usual HP method which neglects the 
kinetic interactions, the result drastically deviates from 

the exact one when it approaches the Curie tempera- 
ture. 

We then study a spin-i Heisenberg mode1 (HM) on 
a simple-cubic lattice. The temperature dependences 
of the spontaneous magnetization in the CHF method, 
in the LSWT method and in the usual HP method ( JxJ 
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-Exact 

. .._...... LSWT 
0.42 - 

0.40 ’ I I 
0.0 0.1 0.2 0.3 

K,T J JZ 

Fig. I, Temperature dependence of the spontaneous magnetization 
for an king model on a square lattice. 

0 HP Method 9 
LSWT 

0.0 ’ 
0.0 0.1 0.2 0.3 

K,T / JZ 

Fig. 2. Temperature dependence of the spontaneous magnetization 

for a spin-f Heisenberg ferromagnet on a simple cubic lattice. 

terms are obtained by a large-S expansion and only 
H4 terms are retained) are shown in Fig. 2. One can 
see that the result of the CHF method is quite different 
from that of the usual HP method when the tempera- 
ture is not low. According to other methods [ 16- 181, 
the Curie temperature of the present system is about 
KBTc/JZ N 0.28-0.32. However, in the usual HP 

method, a spontaneous magnetization can still be non- 
zero when the temperature is higher than T, (Fig. 2), 
which is unreasonable. The CHF method gives a qual- 

itatively correct tendency in the high-temperature re- 
gion, the independent boson representation can be 
found only in a region T < Fc (< T,). 

Some other systems have been studied using the 

CHF method. The critical temperatures Tc are listed in 
Table 1 where the Curie temperatures T, of the same 

system are also listed for comparison. It is very inter- 
esting to find that the temperature region of application 
of the CHF representation (denoted by Tc/Tc ) is larger 
for an Ising system than for a Heisenberg system. The 
physical explanation is that there is a large gap in the 
excitation of the Ising model. Since we only incorpo- 

rate the local constraints in the transformed Hamilto- 
nian (8), the many-boson states still have some com- 
ponents in the improper spin space. This is a fun- 
damental deficiency of any spin-Bose transformation 

method. Fortunately, since there is a large gap in the 

excitation spectrum of the Ising models, the contribu- 

tion of many-boson states is highly suppressed by the 
factor efl’ and thus the errors arising in those terms 
are also much deduced. As result, the stronger the 
anisotropy of the magnetic systems, the larger the tem- 
perature region where the CHF method can be applied. 

Since we have shown that the CHF method is rea- 
sonable for anisotropic magnetic systems, it is inter- 
esting to discuss the temperature dependence of the 

coercivity using this method. According to the quan- 

tum theory for coercivity [ 191, the coercive field is 

defined as the negative field at which the magnon exci- 
tation gap becomes zero, d(T, h,) = 0. As an illustra- 
tion, in Fig. 3, the coercive field of a three-dimensional 
recording system has been shown as a function of the 
temperature, where the parameters are fixed at S = 
1, Jz = Jxy = J, JZ/D = 3.0. The coercivity of a mag- 
netic system decreases faster and faster as the temper- 
ature becomes higher. The hysteresis loops of the same 
systems are shown in Fig. 4 at different temperatures. 

5. Conclusions 

In conclusion, we have developed a complete 
Hartree-Fock mean field method to study anisotropic 
ferromagnets at finite temperatures. The Hamiltonian 
is presented in the Bose representation with the help 
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Table I 
Temperature regions where the complete Hartree-Fock method is applicable for various magnetic models 

319 

Models K&IJ KEG/J FCl:,lTC 

2d IM on square lattice 1.135 a 1.047 0.923 
2d IM on triangular lattice 1.822 h 1.570 0.862 

3d spin-a HM on SC lattice I.978 1.366 0.69 I 
3d spin-l HM on SC lattice 5.276 4.337 0.822 

3d spin-4 HM on bee lattice 2.871 1.856 0.647 

3d spin-l HM on bbc lattice 7.656 5.680 0.742 

a Exact result I I3 1. 
h Obtained using renormalization group theory 1131. Others obtained using the Green’s function method [ 171. 

t I 

i 

-I 
0.0 0.1 0.2 0.3 

K,T I252 h I hC( 0 ) 

Fig. 3. Temperature dependence of the coercivity for a 3d spin-l Fig. 4. Comparison of the hysteresis loops at different temperatures. 

anisotropic ferromagnet. Solid line: a high temperature; dashed line: low temperature. 
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